Abstract. A construction for inversion of the local Pompeiu transformation is obtained for the family consisting of two geodesic balls on the quaternion hyperbolic space.
§1. Introduction
Notation. We denote by R n the real Euclidean space of dimension n ≥ 2 with Euclidean norm |·|, by M(n) the group of isometries of R n , and by dx Lebesgue measure on R n . Consider a collection F = (E 1 , . . . , E k ) of compact subsets in R n of positive measure.
The (global) Pompeiu transformation P F : C(R n ) → C(M(n))
k is defined by the formula (1.1)
where
f (x) dx, g ∈ M(n), i = 1, . . . , k (see, e.g., [1, formulas (2.1) and (2.
2)]). Similarly, for an open set U ⊂ R n , formula (1.1) determines the local Pompeiu transformation
where G i = {g ∈ M(n) : gE i ⊂ U }, i = 1, . . . , k.
For given F and U , the following problem arises:
Problem ( [2] ). 1. To find out whether the transformation P F ,U is injective, and if not, to describe its kernel. 2. If the mapping P F ,U is injective, then to find the inverse mapping.
Known results. For individual F and U , the injectivity of the Pompeiu transformation and related questions were studied in many papers (see the surveys [2] - [4] with extensive bibliography, and also [5] ). The most complete results were obtained for the family F = B r1 , B r2 , where B ri := {x ∈ R n : |x| < r i } and B ri is the closure of B ri , i = 1, 2. In this case, the transformation (1.1) is injective if and only if r 1 r 2 / ∈ E n := λ 1 λ 2 λ i > 0, J n/2 (λ i ) = 0, i = 1, 2 , where J n/2 is the Bessel function [6] . Furthermore, if elements of E n badly approximate r 1 /r 2 , i.e., for some positive constants c 1 and c 2 we have the estimate r 1 r 2 − λ 1 λ 2 ≥ c 1 (1 + λ 2 ) c2 , then there exist compactly supported (and explicitly constructed) distributions ν 1 and ν 2 such that f = (f * χ r1 ) * ν 1 + (f * χ r2 ) * ν 2 , where χ ri is the indicator function of B ri , i = 1, 2 (see [7] and also [1, §3] ).
Thus, the function f can be recovered by the convolutions f * χ r1 and f * χ r2 .
Local results. For F = B r1 , B r2 and U = B R , where R > max(r 1 , r 2 ), the above questions are considerably more difficult. This is related to the violation of the group structure acting on the set of solutions of the equation P F f = 0. Here, new effects arise: the answer to Problem 1 depends to a large extent not only on the nature of the numbers r 1 and r 2 , but also on the size of the ball B R . Berenstein, Gay, and Yger [1, 8] and Volchkov [9] proved the injectivity of P F ,U by different methods under the condition that r 1 /r 2 / ∈ E n and r 1 + r 2 < R. In this case, the construction of the inverse of P F ,U becomes much more complicated [1] . Also, it should be mentioned that the method suggested in [9] made it possible to study completely the question on the injectivity of P F ,U also for all R ≤ r 1 + r 2 .
Hyperbolic spaces. The above results have interesting generalizations related to replacing the triple (R n , M(n), dx) with the triple (X, G, dµ), where X is a manifold, G is a Lie group acting on X transitively, and dµ is a G-invariant measure on X. The largest progress in this direction was achieved in the case where X is a noncompact symmetric space of rank 1 (see [10, Chapter 1, §4, Section 3] ). This means that X is isometric to one of the hyperbolic spaces H n (R), H 2n (C), and H 4n (Q) or to the hyperbolic Cayley plane H 16 (Cay). (Here, the superscript indicates the real dimension.) Many authors considered questions related to the injectivity of the global Pompeiu transformation on these spaces (see [2, 3] ).
First local results for hyperbolic spaces appeared relatively recently in [11] - [14] . In particular, in [12, 13] a construction was proposed for inversion of the local Pompeiu transformation in the case where the family F consists of two geodesic balls in H n (R) or H 2n (C). For other symmetric spaces, no similar recovering of a function has been known up to now.
Quaternion case.
In the present paper, we solve this problem for the quaternion hyperbolic space H 4n (Q). In contrast to the case of H n (R) or H 2n (C), the techniques developed in [15] by the first author play a principal role here. In particular, we use substantially the realization of irreducible components of the quasiregular representation of the compact symplectic group Sp(n) that was found in [15, § §4 and 5] . Furthermore, the description of the intertwining operators for such components that was obtained in [15, §7] is of importance in our constructions.
Structure of the paper. We formulate our main result in precise terms in §2. In §3, we fix the main notation and present facts required subsequently. In § §4-6, we develop the techniques involved in the proof of our main result. In §4, we find a specific integral presentation for the eigenfunctions of the Laplace-Beltrami operator on H 4n (Q). In §5, we compute the Fourier transforms of some distributions on H 4n (Q). In §6, we prove auxiliary assertions related to the construction of the inverse of the local Pompeiu transformation for the family consisting of two geodesic balls in H 4n (Q). Our main result is proved in §7.
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Let n ≥ 2. We denote by Q n the n-dimensional left quaternion Euclidean space with scalar product
n (see, e.g., [16, Chapter 1, §2] ). We set
where α k , α n+k , β k , β n+k ∈ C, 1 ≤ k ≤ n, and identify Q n with the 2n-dimensional complex Euclidean space C 2n via the correspondence
We have
We define
where |a| 2 = a, a . The matrix
where δ ik is the Kronecker delta, is quaternion symmetric (q ik = q ki ) and induces the structure of a Riemannian manifold on B 4n . The distance d (z, w) between two points z, w ∈ B 4n in the metric (2.2) is given by the formula
(see [15, Lemma 6] ). The Riemannian measure on B 4n has the form
where dm is the Lebesgue measure on C 2n (see [15, Lemma 2] 
where s = p + q and H(p, q) is the space of homogeneous harmonic polynomials of bidegree (p, q) in C 2n (see [17, Chapter 12] ). Next, we identify the space H(p, q) with the space of restrictions of its elements to the unit sphere S 4n−1 . The space L 2 (S 4n−1 ) is the orthogonal direct sum of the spaces H(p, q, m) for p, q ≥ 0 and 0 ≤ m ≤ min(p, q) (see [15, Theorem 3] ).
Let ρ, σ be the polar coordinates in C 2n (ρ = |z| for z ∈ C 2n , and if z = 0, then 
and dσ is the normalized surface measure on S 4n−1 . In order to recover f , it suffices to know the Fourier coefficients f k p,q,m . Throughout this paper,
For α, β ≥ 0, we define
where F is the hypergeometric function. We also set
where Γ is the gamma-function. The spherical functions on H 4n (Q) are of the form
(see [18] and also [15, Lemma 26] ). The Fourier transform of a compactly supported distribution T on H 4n (Q) is defined as follows:
If T is a radial distribution, i.e.,
then for each ω ∈ S 4n−1 the Fourier transform T (λ, ω) coincides with the spherical transform T (λ) = T, ϕ λ . In particular, for the indicator function χ t of the ball B t , we have
(see [13, Lemma 3.3] ). All zeros λ of the function ϕ (2n,2) λ (t) are real and simple and lie symmetrically with respect to the point λ = 0 (see [15, §1] and also §6 below). We put
As in [10, Chapter 2, §5], we denote by T 1 × T 2 the convolution of two distributions on H 4n (Q) (one is assumed to have compact support). Our main result in the present paper is as follows.
with the following properties:
Several remarks are in order here. As has already been noticed, analogs of Theorem 2.1 for R n , H n (R), and H 2n (C) were obtained in [1, 12, 13] . The distributions U l,i are constructed explicitly in §7; the construction is based on the Paley-Wiener theorem for the spherical transformation on H 4n (Q) (see [10, Chapter 4 , §7] and [13, 19] ). Since
we see that Theorem 2.1 contains a construction for recovering a function by its globular mean values on the quaternion hyperbolic space. In particular, if . We note that these conditions on r 1 and r 2 are sharp, and that the question on the injectivity of P (Br 1 ,Br 2 ),U for hyperbolic spaces was studied completely in [14, 18] , and [20] - [23] by different methods. Our method of the proof of Theorem 2.1 allows us to obtain similar assertions for other families of distributions on H 4n (Q). We present a result in this direction. Let σ r denote the surface delta-function concentrated on the sphere S r = {z ∈ B 4n :
As a consequence, we see that if a function f ∈ C ∞ (B R ) has zero integrals over all closed geodesic balls and spheres of fixed radius r < R/2, then f vanishes in B R .
The main results of the present paper were announced in [24] . Concerning other aspects of the Pompeiu problem on symmetric spaces, see [2, 3, 25, 26] and the references therein. The authors thank V. V. Volchkov and V. P. Zastavnyȋ for useful discussions and remarks. §3. Notation and auxiliary constructions As usual, N, Z, and Z + denote the set of positive integers, integers, and nonnegative integers, respectively. We write
Next, we identify C 2n and R 4n via the correspondence
+ is a multiindex of length
we denote by P ∂ ∂z the differential operator
Since H(p, q) is the linear hull of functions of the form
. . , 2n (see [13] and [17, Subsection 12.5 
(see [13, Proof of Lemma 4.3] ). Combining this with the identity
(see [13, formulas (4.9) and (4.11)]), we obtain
is a fixed orthonormal basis in H(p, q) and
∂ ∂z (see (3.1) and (3.2)). We define
(hereinafter, we regard Sp(n − 1) as the isotropy subgroup in Sp(n) of the point e 1 = (1, 0, . . . , 0) ∈ C 2n ) and set
, and the constants a lk are determined by the following recurrence relations:
The functions
, where
form an orthogonal basis of the space Z(p, q, m) (see [15, Lemma 14] ). Also, we mention the relation
where α, β, γ, δ ∈ Z + . We fix a point z ∈ S 4n−1 and consider the linear functional on H(p, q, m) that takes a function f ∈ H(p, q, m) to the number f (z). By the Riesz theorem, there exists a unique function
The functions K z possess the following properties (see [15, Lemmas 15 and 16] 
We denote by T(τ ) the quasiregular representation of the group Sp(n) in
where σ ∈ S 4n−1 and τ ∈ Sp(n)). Next, we denote by T p,q,m (τ ) the restriction of T(τ ) to  H(p, q, m) , and let t 1 ≤ l, k ≤ N (n, p, q, m) , be the matrix of the representation T p,q,m (τ ), i.e., It follows that for f ∈ L loc (B R ), σ ∈ S 4n−1 , and almost all ρ ∈ (0, tanh R) we have
where dτ is the normalized Haar measure on Sp(n) (see [15, Lemma 20] ). We introduce the differential operators D 1 (s, m) and D 2 (s, m) that act on the functions ϕ ∈ C 1 (0, tanh R) as follows:
where I is the identity operator (see [15, Proof of Lemma 26] ). We also need the relations [15, formulas (87) and (88) 
where dξ is the normalized surface measure on S n−1 .
Proof. By the Funk-Hecke theorem (see [28, Subsection §11.4]), we have (4.2)
where 
(see [ 
(see (3.4) ). Applying the formula 
Proof. Consider the function
Since Lf = − λ 2 + (2n + 1) 2 f (see (3.8)), formula (3.6) and the Sp(n)-invariance of the operator L (see [15, Lemma 1] 
By the orthogonality of the spaces
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (see (3.7) ). Since the function f k p,q,m (ρ) is smooth at the origin, from (3.9), (2.3), and (4.5) we deduce that (4.6)
where α 1 (λ) does not depend on ρ. Next, we have (4.7)
(see (3.5) ). Suppose that τ ∈ Sp(n) and τσ = e 1 . Then (4.8) 
and
(see (4.9) and (3.5)). By property 6) of the functions K z , relations (4.8) and (4.10) and Lemma 4.2 imply the identity
where the constant c depends only on p, q, m, and n. Consequently (see (4.7), (4.6), and (3.5)), we have (4.11)
where α 2 (λ) does not depend on ρ and σ. It remains to prove that α 2 (λ) ≡ 1. Differentiating (4.11) s times with respect to ρ, putting ρ = 0, and recalling (2.1) and (2.4), we obtain
where α(ν) is a polynomial in ν of degree s with the leading coefficient equal to
Applying (2.4) and (4.1), we see that α 2 (λ) ≡ 1, and Lemma 4.3 is proved.
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Proof. Since the functions S
, form an orthonormal basis of the space H(p, q) (see [15, Lemma 9] ), from (3.3) and Lemma 4.3 it follows (see (3.1) and (3.2)) that
Using the definition of D p,q,m δ 0 (see [13, §4] ), we arrive at 5.1.
We put T r,0,0 = σ r and, for s ∈ N,
It is easily seen that T r,0,0 (λ) = ϕ 
Proof. 1) First, we assume that m ∈ N. Setting
we have
(see [13, formula (3.7)]). Changing the variables by the formula u = sinh 2 t/ sinh 2 r, we obtain (5.4)
(see [30, Subsection 2.1, formula (23)]), we obtain (5.6)
(see [30, Subsection 2.8, formula (22)]), we have
Integration by parts yields 
Using the formula (t) we obtain the assertion of the lemma for m ∈ N. 2) Now, suppose that m = 0. Then, as before,
Thus,
(see [30, Subsection 2.8, formula (27)]). Integrating by parts, we obtain 
By (5.1) and (5.2), we obtain 
3) This follows from (6.2), (6.3), and the uniqueness theorem for solutions of a linear differential equation of the second order.
(see (5.11) ), the definition of the hypergeometric function and identity (6.1) imply that
Next, suppose that λ ∈ N α,β (t). Then λ 2 = λ 2 (see (6.6) and (6.4)). By (6.8), we conclude that λ ∈ R 1 . Lemma 6.1 is proved. In what follows, we need estimates of certain functions related to G s,m (λ, t). We set
Lemma 6.2. Suppose t > 0 and λ ∈ C. Then
Proof. By the definition of e ν,ω , we have (2.4) and (6.7)) we obtain (6.9) by applying Lemma 4.3. Lemma 6.3. Suppose that a 1 , a 2 , a 3 > 0, p, q ∈ Z + , and m ∈ {0, . . . , min(p, q)}. Let 
Since N (r 1 ) ∩ N (r 2 ) = ∅ and the sets A k (k = 1, . . . , 5) are symmetric with respect to the origin, relations (6.17), (6.18) , and (6.9) imply that f l,1 and f l,2 are even entire functions with
where the positive constants d 1 and d 2 do not depend on λ. Applying the Paley-Wiener theorem for the spherical transformation on H 4n (Q) (see [10, Chapter 4 , §7] and also [13, 19] ) and using (6.16), we obtain (6.15). Thus (see (6.14)), Lemma 6.4 is proved.
The following result is proved in a similar way. 
